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a b s t r a c t

Nanoscale homogeneous single-walled carbon nanotube lattice exhibits extraordinary attenuation per-
formance and ultrahigh specific energy absorption upon high-velocity impact. However, upon relatively
low impact velocity (for example, < 1000 m/s), this system does not possess a good stress wave atten-
uation performance where severe damage may still occur. To overcome this disadvantage, a new
attenuation mechanism is introduced to carbon nanotube lattice via the creation of mass mismatch, i.e.
carbon nanotube dimer lattice. Under specific mass ratio, a strong inherent resonance happens, resulting
in an evident attenuation of the propagating pulse. The joint effect of mass mismatch-induced resonance
and dissipative nature of carbon nanotube lattice make it ideal for both high and low-velocity impacts.
Additionally, specific energy absorption is improved due to the mass reduction. This work reveals the
possibility to achieve much higher energy dissipation by exploiting the system's inherent dynamics,
suggesting a new strategy of lightweight design of protective devices and the potential of technological
applications of nanoscale nonlinear granular crystals.

© 2017 Elsevier Ltd. All rights reserved.
1. Introduction

Phononic crystals and acoustic metamaterials, as artificially
structured composite materials, have been generating great sci-
entific interests in decades [1e5]. Dispersion characteristics of
vibrational waves can be manipulated through Bragg scattering
[2,3] or localized resonance [4], thereby providing a powerful
approach to tailoring the flow of mechanical energy. In the
nonlinear regime, granular crystals governed by Hertzian contact
[6] exhibit novel dynamics such as solitary waves [7e10] and
discrete breathers [11], having stimulated many exciting techno-
logical applications, e.g. acoustic lens [12], logic elements [13],
nondestructive evaluation [14] and energy-harvesting devices [15].
Recently, we have explored the possibility of nanoscale counterpart
of nonlinear granular crystals, finding it promising for shock miti-
gation and signal processing [16e20]. We have shown that nano-
scale homogeneous carbon nanotube lattice exhibits extraordinary
attenuation performance upon high-velocity impact. In addition, its
nonplastic energy dissipation mechanism makes it advantageous
tive Engineering, School of
ersity, Beijing, 100191, China.
over traditional energy dissipation structures for being repeatable
and reusable [17]. The effectiveness and repeatability actually result
from the dissipative and flexible nature of carbon nanotubes
[21,22]. A disadvantage of this system is that upon relatively low
impact velocities (<1000 m/s), the attenuation performance is not
ideal because the external energy input is not high enough for
carbon nanotube lattice to dissipate effectively [17]. Thus, impact in
this velocity domain can still cause severe damages. Inspired by
well-established macroscopic granular dimer chain [11,23e25], we
introduce mass mismatch to construct a one-dimensional (1D)
single-walled carbon nanotube (SWNT) dimer lattice, characterized
by only one nondimensional parameter, the mass ratio. Through
molecular dynamics (MD) simulation, we find that inherent reso-
nance occurs for certain mass ratio, leading to significant stress
wave attenuation. The joint effect of mass mismatch-induced
resonance and dissipative nature of carbon nanotube lattice
makes it ideal upon both high and low impact velocities. Further-
more, the lightweight of the dimer lattice improves the specific
energy absorption (SEA) to a great extent.
2. Molecular dynamic simulation

The descriptions of 1D SWNT dimer lattice are provided as
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Table 1
MD simulation results of 1D homogeneous SWNT lattice (b¼ 1) upon vimp¼ 400m/s
for various lengths and diameters of SWNTs.

SWNT Transmission rate h

Length (Å) Diameter (Å)

3.692 13.570 97.3%
6.153 13.570 97.0%
8.614 13.570 97.5%
11.076 13.570 96.4%
6.153 18.998 96.5%
6.153 27.140 93.5%

Table 2
MD simulation results of 1D dimer SWNT lattice with b ¼ 0.5 upon vimp ¼ 400 m/s
for various lengths and diameters of SWNTs.

Heavy SWNT Light SWNT Transmission rate h

Length (Å) Diameter (Å) Length (Å) Diameter (Å)

6.153 13.570 2.461 13.570 80.5%
8.614 13.570 3.692 13.570 80.2%
11.076 13.570 4.923 13.570 79.5%
7.384 27.319 7.384 13.570 75.1%
7.384 32.567 7.384 16.283 66.3%
7.384 37.995 7.384 18.997 78.8%
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below. The lattice is composed of 35 SWNTs, aligned parallelly. The
symmetry plane normal to central axis of each SWNTcoincides. The
distance between the geometrical centers of adjacent SWNTs sat-
isfies equilibrium requirement, guaranteeing a zero pre-
compression of the lattice. The equilibrium spacing of SWNTs
with various sizes can be found in Ref. [26]. Details of MD simula-
tion are provided in Appendix 1. The first SWNT is renderedwith an
initial velocity vimp, serving as the stress wave generator. Impact
velocity is set as vimp ¼ 400 m=s, a relatively low velocity at
nanoscale. Stress wave attenuation is indicated by transmission
rate h, defined as the ratio of the maximum particle velocities of the
last SWNT and the first SWNT, i.e. h ¼ vrec=vimp. Mass ratio is
denoted as b (0<b � 1). To create mass mismatch, two strategies
are considered in this work. One is varying SWNTs' length with the
diameter fixed and the other way is varying the diameter with the
length fixed, as are illustrated in Fig. 1. These two mass mismatch
configurations are referred to as a length-mismatch dimer and a
diameter-mismatch dimer respectively. For both strategies, the di-
ameters of SWNTs are larger than the lengths such that the effect of
wave propagation perpendicular to the direction of 1D alignment is
minimized, making make the problem closer to a quasi-1D one.
Simulation results based on two configurations for homogeneous
lattice (b ¼ 1) and dimer lattice (b ¼ 0.5) are summarized in Table 1
and Table 2. One may easily conclude that upon vimp ¼ 400 m/s, 1D
homogeneous SWNT lattices with all lengths and diameters stud-
ied support non-dissipative stress wave. For length-mismatch di-
mers, transmission rates are length-independent, suggesting that
the dynamics of the system is only determined by mass ratio. A
great advantage of this mismatch configuration is that for various
mass ratios, the diameters of all components are identical, which
successfully prevents the occurrence of nanoscale contact problem.
For diameter-mismatch dimers, due to the homogeneity in com-
ponents' length, mass ratio equals to diameter ratio. According to
the results in the last three rows in Table 2, for a fixed diameter
ratio, transmission rate varies with the absolute value of the
diameter and no clear tendency is observed. This uncertainty may
result from the introduction of contact heterogeneity. To pursue a
Fig. 1. The schematic of the 1D SWNT dimer lattices. (A) a length-mismatch dimer; (B)
robust system output with respect to mass ratio, the following
study is based on the length-mismatch dimer.

3. Theoretical modeling

The mass ratio-governed stress wave attenuation of SWNT
dimer lattices is a relatively counterintuitive phenomenon, namely
nonlinear resonance. It has been reported that in 1D granular dimer
chains at macroscale, for an infinite number of mass ratios, inherent
nonlinear resonances or anti-resonances could happen, resulting in
a maximum amplification and complete elimination of oscillating
wave tails respectively [27]. For resonances, propagating pulse is
a diameter-mismatch dimer. (A colour version of this figure can be viewed online.)



Fig. 2. Comparison between the results of MD simulations and theoretical calculations
of various length-mismatch dimers when n ¼ 1.5. (A colour version of this figure can be
viewed online.)
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significantly attenuated because under this circumstance, the
radiated energy to the far field is a maximum. Mass ratios for
resonance are determined by the integral relations between the
characteristic frequencies of two phases of motion of the light
grains, i.e. the squeeze mode and the collision mode. The squeeze
mode happens during the arrival of the propagating pulse, when
the light grain is continuously compressed by adjacent heavy
grains. The collision mode happens after the primary pulse has
propagated through the light grain where heavy and light grains
collide with each other [24]. When the two characteristic fre-
quencies are equal, i.e. a 1:1 resonance occurs, leading to the
strongest attenuation. Theoretically, this resonance phenomenon is
fully re-scalable with respect to impact velocity, i.e. the predicted
transmission rate can be realized for arbitrarily input wave ampli-
tudes. In this work, we apply this concept to model the stress wave
attenuation at nanoscale.

Due to the strong nonlinearity and high complexity of the
intermolecular van der Waals force, the interactions between
adjacent SWNTs are accounted for by a nonlinear spring model F ¼
kdn as a powerful and successful simplification [16], where F is
interaction force; d is the overlapping distance of van der Waals
radii; k is stiffness constant and n is nonlinear index. Upon rela-
tively low impact velocities (vimp <500 m=s), the stress wave
attenuation due to SWNT's dissipation nature is trivial. Then the
governing equations of motion can be given as

mi
d2ui
dt2

¼ k
�ðui�1 � uiÞnþ � ðui � uiþ1Þnþ

�
miþ1 ¼ bmi

miþ1
d2uiþ1

dt2
¼ k
�ðui � uiþ1Þnþ � ðuiþ1 � uiþ2Þnþ

�
i ¼ 1; 3; 5; :::

(1)

where ui is the displacement of ith SWNT. The subscript (þ) is
defined by ½r�þ ¼ maxð0; rÞ. Normalization is introduced as
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To this end, we obtain the governing equations with only one
nondimensional parameter mass ratio b as

d2xi
dt2

¼ ðxi�1 � xiÞnþ � ðxi � xiþ1Þnþ

b
d2xiþ1

dt2
¼ ðxi � xiþ1Þnþ � ðxiþ1 � xiþ2Þnþ

i ¼ 1; 3; 5; :::

(3)

Eq. (3) is re-scalable with respect to impact velocity in the low-
velocity domain, because upon higher impact velocities, a dissi-
pative term should be included due to the dissipative nature of
SWNT.
Fig. 3. Comparison between MD simulation result of the light-atomed dimer and
theoretical calculations for various nonlinear indices n. (A colour version of this figure
can be viewed online.)
4. Results and discussions

In this section, the focus is on the transmission rate h as a
function of mass ratio b and the resonance zone (RZ) on b axis.
Setting n ¼ 1.5, consistent with previous studies based on Hertzian
contact [24], the calculation based on governing Eq. (3) is compared
to the results of MD simulations of in Fig. 2, where (10,10), (14,14),
(20,20), (24,24), (26,26), (30,30) length-mismatch dimers are
involved. The diameters are 13.570 Å, 18.998 Å, 27.140 Å, 32.567 Å,
35.281 Å, 40.709 Å respectively.

For all theMD simulation results in Fig. 2, a strong 1:1 resonance
is achieved at bz0:60. This indicates that the mass ratio for 1:1
resonance is independent of the diameter of SWNT. The trends of
theoretically calculated curve and simulation results of (10,10),
(14,14), (20,20) SWNT lattices are in a good agreement. However,
for SWNTs with larger diameters, the results tend to be “flattened
out”. This is because the total transmission is a superposition of
intrinsic resonance and dissipation of SWNTs, and larger SWNT has
greater dissipation effect. When the diameter reaches ~40 Å, the
phenomenon of transmission valley becomes insignificant and
dissipation of SWNTs plays a more important role. Therefore,
different from macroscopic granular dimer chains, SWNT dimer
lattices are not fully re-scalable with respect to impact velocity due



Fig. 4. Comparison between the wave shapes of (A) 1D homogeneous (10,10) SWNT lattice and (B) (14,14) SWNT dimer lattice with b ¼ 0.588. In the dimer lattice, the wave shape of
a light SWNT is extracted. (A colour version of this figure can be viewed online.)

Table 3
Summary of resonant frequencies.

Type of SWNT Mass ratio, b Resonance frequency of squeeze mode, fs (THz) Resonance frequency of collision mode, fc (THz)

(10,10) 0.60 806 ± 5 800 ± 20
(14,14) 0.588 690 ± 4 667 ± 16
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to the dissipative nature of SWNTs. In addition, it is shown that
further increasing the diameter will not shift the resonance zone.
Therefore, to achieve a broader range of wave tuning and system
output, SWNTs smaller than (20,20) are suggested. Note that there
exists a slight inconsistency between simulation and theoretical
results in terms of the position of RZ on b axis. The reason could be
revealed by constructing an imaginary light-atomed dimer whose
components have the same geometry but variousmasses to achieve
the mass mismatch to eliminate geometric heterogeneity. Here, the
components are chosen as (10,10) SWNT with an axial length of

l ¼ 6:153 �A. The MD simulation result upon vimp ¼ 400 m=s and
theoretical calculations for various nonlinear indices n¼ 1.3, 1.5, 1.7,
1.9, 2.1 are compared in Fig. 3 since no explicit analytical expression
is available.

Fig. 3 shows a good consistency between the simulation result of
light-atomed dimer and theoretical calculations, suggesting that the
Fig. 5. Transmitted energy histories of (A) 1D homogeneous (10,10) SWNT lattice and (B) (
online.)
inconsistency of RZ in Fig. 2 actually results from the geometric
difference of the components in the length-mismatch dimer.
Although the difference in length may result in various contact
stiffness, we are able to show theoretically that in the absence of
dissipation, the transmission rate is independent of contact stiff-
ness (see Appendix 2). Compared to theoretical results, the length-
mismatch dimer translates RZ towards larger values of b, while the
size of RZ remains unaltered. In addition, it is observed in Fig. 3 that
higher nonlinear index n leads to better resonance-induced
attenuation but converges to ~0.4, while the position of RZ re-
mains almost unaffected. Therefore, we are inspired by above ob-
servations that for the optimal design of attenuative dimer lattices,
apart from a mass ratio in the center of RZ, the interaction
nonlinearity of neighboring particles should be high but the
nonlinear index is not necessarily higher than 2. In Eq. (3), mass
ratio b near the RZ is not a small parameter (which requires
10,10) SWNT dimer lattice with b ¼ 0.6. (A colour version of this figure can be viewed



Fig. 7. Comparison of transmission rates of SWNT dimer lattices upon vimp ¼ 400 m/s
and vimp ¼ 200 m/s of various types of SWNT. (A colour version of this figure can be
viewed online.)

Fig. 6. Comparison between the results of MD simulation and theoretical calculation
for SWNT dimer lattices with (b > 1). (A colour version of this figure can be viewed
online.)
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0<b≪1). It is not possible to perform asymptotic analysis, whose
accuracy is validated only in the limit of small b [25]. We can only
determine the position of RZ by numerically solving Eq. (3).

We extract the particle velocity-time histories of heavy and light
SWNTs to check whether the wave behaviors are consistent with
the theoretical descriptions of nonlinear resonance discussed
earlier. As can be seen in Fig. 4, oscillating tails are small in ho-
mogeneous (10,10) SWNT lattice (b ¼ 1) and large in strongly
resonant (14,14) SWNT dimer (b ¼ 0:588). The squeeze mode and
the collision mode with equal characteristic frequencies can be
clearly observed in Fig. 4(B), corresponding to 1:1 resonance. These
observations further confirm us that in SWNT dimer lattices, strong
attenuation rises from the amplification of the oscillating tails of
propagating pulse. The resonant frequencies of (10,10) and (14,14)
SWNT dimer lattices are summarized in Table 3, where the reso-
nance frequencies of squeeze mode fs and collision mode fc are
equal.

Energy distribution in SWNT lattices is studied in Fig. 5, where
transmitted energy of certain SWNTs are extracted. In the homo-
geneous (10,10) SWNT lattice (Fig. 5(A)), the transmitted energy has
little dissipation as the stress wave propagates and the tails are
insignificant. This suggests that homogeneous SWNT lattice
transmits energy efficiently within the impact velocity domain
studied here. However, in the (10,10) SWNT dimer lattice with
b ¼ 0.6 (Fig. 5(B)), the transmitted energy has a large dissipation,
together with significant tails where the dissipated energy goes. It
is also observed that light SWNTs (10th, 20th and 30th SWNTs in
Fig. 5(B)) transmit less energy than adjacent heavy ones.

For the completeness of study, results of MD simulation and
theoretical calculation are compared for SWNT dimer lattices with
b > 1 in Fig. 6 and a good consistency is observed for various types
of SWNT. The transmission rates upon vimp ¼ 400 m/s and
vimp ¼ 200 m/s of various types of SWNT are compared in Fig. 7. As
is shown, the system response has a similar pattern if the impact
velocity further decreases.

Now, the stress wave attenuation and energy absorption ability
of strongly-resonant SWNT dimers (b ¼ 0:6) is evaluated in com-
parison to homogeneous SWNT lattices, where (10,10), (14,14) and
(20,20) SWNT lattices are tested. The performances of the two
configurations are compared in Fig. 8. Greatly enhanced attenua-
tion upon relatively low impact velocities (vimp <1000 m=s) is
observed. For higher impact velocities, attenuation enhancements
become less effective. Because in this impact velocity domain, the
attenuation of the dissipative nature is a dominant factor. For
SWNTs with smaller diameters, enhancement of attenuation is
greater, because they are relatively less dissipative compared with
larger SWNTs, thus the effect of resonance is more evident.
Furthermore, compared with homogeneous lattice, the strongly-
resonant dimer lattice is 22% lighter while having a better attenu-
ation performance upon all impact velocities investigated. Thus, the
mechanism of mass mismatch-induced resonance can achieve an
enhancement (>30%) of SEA upon high-velocity impact. Therefore,
the introduction of mass mismatch to 1D SWNT lattice can achieve
an overall enhancement of stress wave attenuation and energy
absorption ability. The dissipation mechanism of nanoscale SWNT
dimer lattice addressed in this work is fundamentally different
from macroscale cellular systems, which is accounted for by the
effect of inertial stabilization, shock wave and strain rate hardening
etc [28,29].
5. Concluding remarks

In summary, a 1D SWNT dimer lattice is constructed to over-
come the ineffectiveness of 1D homogeneous SWNT lattice upon



Fig. 8. Comparison between attenuation performance and SEA of 1D homogeneous SWNT lattice (b ¼ 1) and SWNT dimer (b ¼ 0.6). (A colour version of this figure can be viewed
online.)

B. Zheng, J. Xu / Carbon 116 (2017) 391e397396
relatively low impact velocities (vimp <1000 m=s). Under specific
mass ratio, a strong inherent resonance happens, resulting in an
evident attenuation of the propagating pulse. The joint effect of
mass mismatch-induced resonance and dissipative nature of car-
bon nanotube lattice make it ideal for both high and low-velocity
impacts. Because enhanced attenuation performance and light-
weight are simultaneously achieved by creating mass mismatch,
SEA of the SWNT lattice is significantly improved. This work sug-
gests a strategy of efficient stress wave attenuation and energy
absorption via manipulating the inherent dynamics of the periodic
structured system and shed light on the novel design of carbon
based nanoscale wave tuning devices using nonlinear granular
phononic crystals.
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